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A GENERAL EIBRE THEOREM FOR MOMENT PROBLEMS 
AND SOME APPLICATIONS 

KONRAD SCHMUDGEN 


Abstract. The fibre theorem m for the moment problem on closed semi- 
algebraic subsets of is generalized to finitely generated real unital algebras. 

As an application two new theorems on the rational multidimensional moment 
problem are proved. Another application is a characterization of moment 
functionals on the polynomial algebra K[xi,..., in terms of extensions. 

Finally, the fibre theorem and the extension theorem are used to reprove basic 
results on the complex moment problem due to Stochel and Szafraniec m 
and Bisgaard [^. 
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1. Introduction 

This paper deals with the classical multidimensional moment problem. A useful 
result on the existence of solutions is the fibre theorem m for closed semi-algebraic 
subsets of E,'^. The crucial assumption for this theorem is the existence of sufficiently 
many bounded polynomials on the semi-algebraic set. The proof given in m was 
based on the decomposition theory of states on *-algebras. An elementary proof 
has been found by T. Netzer [7], see also M. Marshall [SJ Chapter 4]. 

In the present paper we generalize the fibre theorem from the polynomial algebra 
lR[a:i,..., xj\ to arbitrary finitely generated unital real algebras and we add further 
statements (Theorem [S]). This general result and these additional statements allow 
us to derive a number of new applications. The first application developed in 
Section [3] is about the rational moment problem on semi-algebraic subsets of R'^. 
Pioneering work on this problem was done by J. Cimpric, M. Marshall, and T. 
Netzer in [S]. The main assumption therein is that the preordering is Archimedean. 
We essentially use the fibre theorem to go beyond the Archimedean case and derive 
two basic results on the rational multidimensional moment problem (Theorems [7] 
and HI) . The second application given in Section 2] concerns characterizations of 
moment functionals in terms of extension to some appropriate larger algebra. We 
prove an extension theorem (Theorem 12111 that provides a necessary and sufficient 
condition for a linear functional on R[a:i,... ^Xd\ being a moment functional. In 
the case d = 2 this result leads to a theorem of J. Stochel and F. H. Szafraniec 
m on the complex moment problem (Theorem 1221) . A third application of the 
general fibre theorem is a very short proof of a theorem of T.M. Bisgaard [2] on the 
two-sided complex moment problem (Theorem 121111 . 

Let us fix some definitions and notations which are used throughout this paper. 
A complex ^-algebra R is a complex algebra equipped with an involution, that is, 
an antilinear mapping B 3 b ^ b* € B satisfying (6c)* = c*b* and (6*)* = 6 for 
b,c€ B. Let y] B^ denote the set of finite sums b*bj of hermitian squares b*bj, 
where bj G B. A linear functional L on R is called positive if L is nonnegative on 
y that is, if L{b*b) > 0 for all b € B. 
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A ^-semigroup is a semigroup S with a mapping s* —>■ s of S' into itself, called 
involution, such that {st)* = t*s* and (s*)* = s for s,t G S. The semigroup *- 
algebra C[S] of S is the complex ^-algebra is the vector space of all finite sums 
where as G C, with product and involution 

(Y^^ass)* - 

The polynomial algebra lR[a;i,..., 0;^] is abbreviated by Rd[s]. By a finite real 
algebra we mean a real algebra which is finite as a real vector space. 

2. A GENERALIZATION OF THE FIBRE THEOREM 

Throughout this section A is a finitely generated commutative real unital algebra. 
By a character of A we mean an algebra homomorphism x : A —>■ R satisfying 
x(l) = 1. We equip the set A of characters of A with the weak topology. 

Let us hx a set {pi,..., pdj of generators of the algebra A. Then there is a algebra 
homomorphism tt : R[x] A such that 7r(xj) = pj, j = 1,... ,d. li J denotes the 
kernel of tt, then A is isomorphic to the quotient algebra Rc;[iE]/f7. Further, each 
character x is completely determined by the point := (x(Pi)) ■ • ■) xiVd)) of R'^. 
For simplicity we will identify x with x^ and write f{x^) := x(/) for f G A. Under 
this identification A is a real algebraic subvariety of R'^ given by 

(1) A = Z{J):={xGR‘^ ■.p{y)=0iorpGj}. 

In the special case A = R[xi,..., Xd] we can take pi = xi,... ,pd = Xd and get 
A = R'^. 

Definition 1. A preordering of A is a subset T of A such that 

r • r c r, t+tqt, i g r, a^r g r for aii a g a. 

Let denote the set of finite sums J2i of squares of elements Oi G A. Since 
A is commutative, ^ A^ is invariant under multiplication and hence the smallest 
preordering of A. 

For a preordering T of A, we define 

IC{T) = {xGA: fix) > 0 for all / G T}. 

If I is an ideal of A, its zero set is defined by Z(J) = {x G A : /(a;) = 0 for / G X}. 
The main concepts are introduced in the following definition, see [n] or [6]. 

Definition 2. A preordering T of A has the 

• moment property (MP) if each T-positive linear functional L on A is a moment 
functional, that is, there exists a positive Borel measure p G Ai (A) such that 

(2) L{f) = [ fix) dpix) for all / G A, 

JA 

• strong moment property (SMP) if each 'T-positive linear functional L on A is 
a ICiT)-moment functional, that is, there is a positive Borel measure p, G Ai(A) 
such that supp/i C /C(T) and holds. 

To state our main result (Theorem [3]) we need some preparations. 

Suppose that T a finitely generated preordering of A and let f = {/i,..., /fe} be 
a sequence of generators of T. We consider a fixed m-tuple h = (hi,..., hm) of 
elements hk G A. Let h(/C(T)) denote the subset of R™ defined by 

(3) h(^(r)) = {(hi(x),..., hmix))-, X G KiT)}. 

For A = (Ai,..., Am) G R™ let /C(T)a be the subset of A given by 

= {xG JCiT) : hi(x) = Ai,..., hmix) = Am} 
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and 7 a the preordering of A generated by the sequence 

f(A) . — ■ • ■ : fk: h\ Ai*l, Al'l /il'l, . . . , hjYi \rn * 1 ■> Am' 1 hm } 

Then /C(T) is the disjoint union of fibre sets IC{T)\ = K{Tx), where A G h(/C(T)). 

Let Ia be the ideal of A generated by hi — AiT,..., hm — AmT. Then we have 
7 a := T + Ia and the preordering T\/I\ of the qnotient algebra A/X\ is generated 
by 

7rA(f) := {7rA(/i),.--,7rA(/fe)}, 
where -kx \ A ^ AjXx denotes the canonical map. 

Further, let Ix := I(Z{Ix)) denote the ideal of all elements f G A which vanish 
on the zero set Z{Xx) oiXx- Clearly, Xx C Xx and Z{Xx) = ZiXx). Set Tx '■=T+Xx. 
Then TxfXx is a preordering of the quotient algebra AjXx- 

Note that in general we have Xx ^ Xx and equality holds if and only if the ideal 
Xx is real. The latter means that G Xx for finitely many elements aj G A 

always implies that aj G Xx for all j. 

Theorem 3. Let A be a finitely generated eommutative real unital algebra and let 
T he a finitely generated preordering of A. Suppose that hi,, hm are elements of 
A that are bounded on the set IC{‘T). Then the following are equivalent: 

(i) T has property (SMP) (resp. (MP)) in A. 

(ii) Tx satisfies (SMP) (resp. (MP)) in A for all A G h(/C(T)). 

{ay Tx satisfies (SMP) (resp. (MP)) in A for all A G h(/C(T)). 

(Hi) Tx/Xx has (SMP) (resp. (MP)) in AfXx for all A G h{JC{T)). 

{iUy Tx/Xx has (SMP) (resp. (MP)) in A/Xx for all A G h(/C(T)). 

PropositionlU^i) gives the implication (i)-A(ii), PropositionlU^ii) yields the equiva¬ 
lences (ii)GA(iii) and (ii)' GA(iii)', and PropositionSDiii) implies equivalence (ii)o(ii)'. 

The main assertion of Theorem [3] is the implication (ii)—i>(i). Its proof is lengthy 
and technically involved. In the proof given below we reduce the general case to 
the case Hid)®]- 

Proposition 4. Let X be an ideal and T a finitely generated preordering of A. Let 
X be the ideal of all f G A which vanish on the zero set Z{X) of X. 

(i) If T satisfies (SMP) (resp. (MP)) in A, so does T + X. 

(ii) T + X satisfies (SMP) (resp. (MP)) in A if and only if {T + X)/X does in A/X. 
(Hi) T -\-X obeys (SMP) (resp. (MP)) in A if and only ifT + 1 does. 

Proof, (i): See e.g. [TU]. Proposition 4.8. 

(ii) See e.g. m. Lemma 4.7. 

(iii) : It suffices to show that both preorderings T + X and T + X have the same 
positive characters and the same positive linear functionals on A. For the sets of 
characters, using the equality Z(X) = Z(X) we obtain 

/C(r + x)= IC{T) n Z{X) = K.{T) n z{X) = ic{T + x). 

Since T+ XCT +1, a. {T + I)-positive functional is trivially (T + X)-positive. 

Conversely, let L be a {T + X)-positive linear functional on A. Let f G X and 
take a polynomial / G such that n{f) = f. Recall that A = ^d[x\/J and 

Z{X) C ^ = Z{J) by (P). Then I := 7r“^(I) is an ideal of Rd[^]- 

Let X G Z(I)(C P'^). Clearly, J GLX and hence 2^(1) C Z(J') = A. Let g GX 
and choose g GX such that g = TT{g). Since x annhilates 77 and x G Z(X), we have 
g{x) = g(x) = 0. That is, x G Z(X). From the equality Z{X) = Z{X) we obtain 
g{x) = 0 for g G I. Thus, since / G X, it follows that f{x) = f{x) = 0. That is, 
the polynomial / vanishes on Z{X). 
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Conversely, let L be a (T + X)-positive linear functional on A. Recall that 
A = ^d[x\/J and A = Z{J) by dD). Then I := 7r“^(J) is an ideal of 

We verify that ZiT) C Z{I). Let x € Z{i){C Clearly, J C I and hence 
Z(i) C Z{J) = A. Let g £ Z and choose g £ I such that g = n{g). Since x 
annhilates J and x £ Z{I), we have g(x) = g(x) = 0. That is, x £ Zil) = Z{I). 

Now let f £i. We choose / £ ]R,d[^] such that 7r(/) = /. Then f{x) = f{x) for 
X £ Z{J) = A. Hence, since / vanishes on Z{I) and Z{I) C Z{I), the polynomial 
/ vanishes on Z{I). Therefore, by the real Nullstellensatz [5J Theorem 2.2.1, (3)], 
there are m G IN and g £J2 such that p := + g £l. Upon multiplying 

p by some even power of / we can assume that 2m = 2^ for some fc G IN. Then 

(4) tt{p) = + TT{g) £ I, where 7r(g) G ^ 


Being (T +1)-positive, L annihilates I and is nonnegative on 'Y^A?. Hence, by 
we obtain 


Q = L{p) = L{f")+L{^{g)), L{TT{g))>0, L{f")>0. 


This implies that ) = 0. Since L is nonnegative on ^ the Cauchy-Schwarz 
inequality holds. By a repeated application of this inequality we derive 


ix(/)r <Hfr <Lifr m 


< ... 


< L{f )L{1) 


IH-1-2“ 


= 0 . 


Therefore, L{f) = 0. That is, L annihilates X. Hence L is (T -I-X)-positive. This 
completes the proof of (iii). □ 


Proof of the implication (ii)^(i) of Theorem\^' 

As noted at the beginning of this section, A is (isomorphic to) the quotient algebra 
^d[x\/J and A = Z{J) by ([T|). We choose polynomials hj £ ]R,d[s] such that 
'K(hj) = hj. Then T := 7r“^(T) is a preordering of R(;[5c]. Since J QT^ each T- 
positive character of R^)^] annihilates J, so it belongs to A = Z{J). This implies 
that /C(T) = /C(T) and hj{x) = hj{x) for x £ IC{T), so that h(/C(T)) = h(/C(T)). 
Since hj is bounded on JC{T) by (ii), so is hj on K.{T). For A G h(/C(7')), X\ := 
TT~^ifL\) is an ideal of Rd[a:]. It is easily verified that (T)a = T -I-Xa- 

We will apply Proposition HDii) twice to A = Rd[s]/J", that is, with A replaced 
by R(i[2l] and X by in Proposition HDii). Because 7a = ((T)a + J)! J has (SMP) 
(resp. (MP)) in A = Rd[^]/>X by assumption (ii), so does (T)a in R^)^] by the 
if direction of Proposition 0Dii). For the algebra R^)!] the implication (ii)—)>(i) of 
Theorem [3] was proved in m- Since (T)a =T + I\ and hj is bounded on /C(T), 
this result applies to T. Hence T obeys (SMP) (resp. (MP)) in Rd[x] and so does 
T = {T + J)/J A A = Rd[s]/J7 by the only if direction of Proposition |4Kii). □ 

We state the special case T oi Proposition S^ii) separately as 

Corollary 5. If I is a ideal of A, thenXp^J? obeys (MP) (resp. (SMP)) in 
A if and only if '^{A/XY' does in AfX. 

Our applications to the rational moment problem in Section [3] are based on the 
following corollary. 

Corollary 6. Let us retain the notation of Theorem O Suppose that for each 
A G h(/C(T)) there exist a finitely generated real unital algebra B\ and a surjective 
algebra homomorphism px : B\ ^ A/Xx (or px : Bx ^ AfXx) such that 
obeys (MP) in Bx- Then T has (MP) in A. 
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Proof. Let A G h(/C(T)). We denote by the kernel of the homomorphism p\ : 
B\ —>■ A/Ix- Since ^Bf has (MP) in B\, it is obvious that + (MP) 

in Bx- Therefore ^{Bx /satisfies (MP) in Bxj by Corollary [SJ Since the 
algebra homomorphism px is surjective, the algebra Bx /is isomorphic to A/Tx- 
Hence has (MP) in AjXx as well. Consequently, since '^{A/Tx)'^ C 

T/Ia, T/Ix obeys (MP) in A/Ix- Then T has (MP) by Theorem [3l (hi)—>-(i). 

The proof under the assumption px '■ Bx ^ AjXx is almost the same; in this 
case the implication (iii)' —!>(i) of Theorem[3]is used. □ 

Theorem [3] is formulated for a commutative unital real algebra A. In Sections 
[S] and [5] we are concerned with commutative complex semigroup ^-algebras. This 
case can be easily reduced to Theorem [3] as we discuss in what follows. 

If S is a commutative complex =i=-algebra, its hermitian part 

A = Bh-.= {b&B:h = h*} 

is a commutative real algebra. 

Conversely, suppose that M is a commutative real algebra. Then its com- 
plexification B \= A iA is a commutative complex *-algebra with involution 
(oi + m 2 )* := oi — m 2 and scalar multiplication 

(a + i/3)(ai + m 2 ) := aai — /3a2 + i{aa 2 + /3ai), a, /3 G IH, oi, 02 G A, 

and A is the hermitian part Bh of B. Let b G B. Then we have b = ai + m 2 with 
oi, 02 G A and since A is commutative, we get 

(5) b*b = (oi — m2)(ai + m 2 ) = o^ + 02 + 1(0102 — 0201 ) = af + a^- 
Hence, if T is a preordering of A, then b*bT C T for b G B. In particular, 

Further, each Hi-linear functional L on A has a unique extension L to a C-linear 
functional on B. By ([S|), L is nonnegative on ^ A"^ if and only of L is nonnegative 
on 'Y/B^, that is, Z is a positive linear functional on B. 

3. Rational moment problems in 

We begin with some notation and some preliminaries to state the main results. 
For q G Rd[^] and a subset T> C Rrf)^] we put 

Z{q) := {x G R'^ : q{x) = 0}, Z-d := Z{q). 

Let D(Rd[x]) denote the family of all multiplicative subsets V of Rd)®] such that 
1 G and 0 ^ X>. The real polynomials in a single variable y are denoted by R[y]. 
Let {/i,..., /fe} be a fc-tuple of polynomials of Rd[a:] and V G D(Rd[;r]). Then 

A := 

is a real unital algebra which contains Rd[x] as a subalgebra. Let T be the pre¬ 
ordering of A generated by /i,..., fk- Further, we fix an m-tuple h = {hi ,..., hm} 
of elements hj G A. For A G R'^ let Xx be the ideal of A generated by hj — Xj ■ 1, 
j = 1,... ,m. Recall that h(/C(T)) is defined by Q. 

We consider the following assumptions: 

(i) The functions hi ,..., h^ G A are bounded on the set h(/C(T). 

(ii) For all A G h{IC{T)) there are a finitely generated set £x G D(R[y]), a finite 
commutative unital real algebra Cx, and a surjective homomorphism 

px ■■ ®Cx^ X>“^R[x]/Ia = A/Xx. 

The following two theorems are the main results of this section. 
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Theorem 7. Suppose that the multiplicative set T) £ D(Rd[s]) is finitely generated 
and assume (i) and (ii). Then the (finitely generated) real algebra A obeys (MP). 
For each T-positive linear functional L on A there is a positive regular Borel mea¬ 
sure fi on A = W^\Zx> such that L{f) = J^fdfj, for all f € A. 

If the set V is not finitely generated, a number of technical difficulties appear: 
In general the algebra A is no longer finitely generated and the character space A 
is not locally compact in the corresponding weak topology. Recall that the fibre 
theorem requires a finitely generated algebra, because it is based on the Krivine- 
Stengle Positivstellensatz. However, circumventing these technical problems we 
have the following general result concerning the multidimensional rational moment 
problem. 

Theorem 8. Let Vq £ D(Rd[;r]) and let {/i,..., fk} be a k-tuple of polynomials of 
Rd[x]. Suppose that for each finitely generated subset V £ D(Rrf[x]) of Vq there 
exists an m-tuple h = {hi ,..., hm} of elements hj £ .4 := iD“^R£i[x] such that V, 
A, and the preordering T of A generated by fi,fk satisfy assumptions (i) and 
(ii). 

Let To be the preordering of the algebra Ao '■= 'D(f^'iAd[x\ generated by fi,fk- 
Then for each To -positive linear functional Lq on Ao there exists a regular positive 
Borel measure fi on R*^ such that f £ L^(R‘^;/r) and 

(6) Lo(/) = [ fdfi for all f € Ao- 

TRd 

The proofs of these theorems require a number of preparatory steps. The fol¬ 
lowing two results for d = 1 are crucial and they are of interest in itself. 

Proposition 9. Suppose that £ £ D(R[?/]). Then for each positive linear func¬ 
tional L on the real algebra B := £~^R[y] there exists a positive regular Borel 
measure /r on R such that f £ L^(R,//) and 

(7) L{f) = J f{x)dfi{x) for / £ fi. 

If £ is finitely generated, so is the algebra fi and ^ fi^ satisfies (MP) in B. In this 
case, Zs is a finite set and p,{Z£) = 0. 

The proof of Propositionj^is given below. First we derive the following corollary. 

Corollary 10. Suppose that £ £ D(R[?/]) is finitely generated and C is a finite 
commutative real unital algebra. Then ^ (8)C)^ obeys (MP) in the algebra 

fi“^R[j/] (8) C. 

Proof. Throughout this proof we abbreviate A := £'“^R[?/] 0 C and fi := £'“^R[ 2 /]. 
Suppose that L is a positive linear functional on the algebra £~^R[y\ (8>C. 

Let I denote the ideal of elements of C which vanish on all characters of C. Since 
C is a finite algebra, the character set C is finite and each positive linear functional 
on C is a linear combination of characters, so it vanishes on I. Let f € B. Clearly, 
L^f"^®-) is a positive linear functional on C. Thus C has a positive linear functional, 
C is not empty, say C = {ryi,..., pn} with n £ M. Further, L{p 0 c) = 0 for c £ I. 
Since the unital algebra C is spanned by its squares, we therefore have L{g®c) = 0 
for all 5 £ fi and c € C. We choose elements ei,..., e„ £ C such that pj (et) = Sjk for 
j,k = 1,... ,n and define linear functionals Lk on the algebra fi by Lk{-) = L(-®ek). 
Since Pj{e^ — Ck) = 0 for all j, we conclude that £ I. Hence 

Lkif) = L{f ® Ck) = L{f ® el) = L{{f ® Ck)^) >0, f G B. 
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That is, Lk is a positive linear functional on B. Therefore, by Proposition [HI there 
exists a positive regular Borel measure on IR such that Lk{f) = f f d^ik for 
f €B and fJ-kiZs) = 0 . 

From Lemma [12] below we obtain B = {xt',t € ]R,\Z£}. It is easily verified that 
A = S R\Zf}. We define a positive regular Borel measure fj, on A 

by ^3 Zirjj) = for Borel sets Mj C ]R,\Z£. 

Let f G B and c € C. Since the element c — Vjic)ej is annihilated by all r]k, 
it belongs to I. Therefore, L{f 0 c) = J2j Vjic)Llf ® ej) and hence 

n 

Hf ® c) = ^ 'nj{c)L{f ® ej) = 

= / {fZiej)dn= / (f®c)dp., 

j JA JA 

that is, L is given by the integral with respect to the measure fj,. This shows that 
obeys (MP) in the algebra A. □ 

In the proof of PropositionjSjwe use the following lemmas. We retain the notation 
established above. 

Lemma 11 . Let B be as in Proposition\^ and let f = ^ € B, where q G S and 
p G 1R[?/]. Then f{y) > 0 for all y G R\Z(( 3 ') if and only if f gYI, ■ 

Proof. Suppose that / > 0 on 'R\Z{q). Then q'^f = pq > 0 on 'R\Z{q) and 
hence on the whole real line, since Z{q) is empty or finite. Since each nonnegative 
polynomial in one (!) variable is a sum of two squares in R[ 2 /], we have pq = P 1 +P 2 
with pi,p 2 G R[ 2 /]. Therefore, since q G £, we get / = The 

converse implication is obvious. □ 

Lemma 12 . For t G Bt^\Zx>, p G Rd[^], and q GV, we define Xt{-) = Then 
i={Xt;tGRAZi,}. 

Proof. First we note that for any t G R'^\Zz>, xt is a well-defined character on A, 
that is, Xt £ A. 

Conversely, suppose that y £ ^. Put tj = xi^j) for j = l,...,d. Then t = 
(ti,.. .,td)G R"' and x(p(x)) =p(x(xi),. ..xixd))) = pit) for p € Rd^. For 9 e P 
we have 1 = y(l) = x(99"^) = xiq)xiq~ ) = qit)xiq~^)- Hence g(f) 7 ^ 0 for 
all q G V, that is, t G R^\Zx). Further, x{q~^) = and therefore y(^) = 

X{p)x{q~^) =Pit)<lit)~^ =Xti^)- Thusx = Xt- □ 

Set E := A + C'c(R‘^). Let f = ^ G A, where p G Rd]^], q GV, and p £ C'c(R‘^). 
Then f + tp G E and we define 

( 8 ) / + p > 0 if fix) + pix)>Q for x £ R‘^\Z(g). 

Since Z{q) is nowhere dense in R"^, [E, >) is a real ordered vector space. 

In the proofs of the following two lemmas we modify some arguments from 
Choquet’s approach to the moment problem based on adapted spaces, see [3] or [1]. 

Lemma 13. For each positive linear functional L on the ordered vector space (E, >) 
there is a regular positive Borel measure y. on R^^ such that 


, Jb 


( 9 ) 


Hf) = fdy for f G A. 
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2.1 , 
Proof. Fix p G ]R.d[x] and q €V. Put p = We define g on the whole space ]R“ 

by setting g = +oo for x G Z{q) and abbreviate ||a:|p = xf H -h Let e > 0 be 

arbitrary. Obviously, the set 


K, := {x G 


+ l+g <e 


is compact and q^{x) > e tor x £ K^. Hence the compact set and the closed set 
h{{q) '■= {x G : q^{x) < e/2} are disjoint, so by Urysohn’s lemma there exists a 
function G C'cflR'^) such that = 1 on iGg, Ug = 0 on Uiq) and 0 < ??£ < 1 on 
Then we have gg^ S Cc(R‘^) and 

(10) g{x) < gix)geix) + e[i\\xf+ l)g(x) + g‘^{x)] for x G lR‘^\Z(g). 

(Indeed, by the definitions of m and we have g(x) = q(x)gAx) if x G and 
g{x) < e[(||xf + l) 5 (x) + g'^{x)] if x ^ K^.) 

Since the restriction of L to C'c(]Il'^) is a positive linear functional on C'c(]Il'^), by 
Riesz’ theorem there exists a positive regular Borel measure g, on such that 


( 11 ) 


L{(f) = J (fdg for ip £ C'c(R). 


Using that L is a positive functional with respect to the order relation > on U and 
inequality m and applying m with (f = ggg we derive 

Lig) < L{9ge) + £L{{\\xf + l)g + 

= J gVedg +eLdWxW^ + l)g + g'^) < j gdg + eL{{\\xf' + 1)5 

Since e > 0 was arbitrary, we conclude that L{g) < f gdg. 

To prove the converse inequality, let Uq be the set of 77 G C'c(R'^) such that 
0 < p < 1 on R"^ and g vanishes in some neighborhood of Z{q). Since Z{q) is 
nowhere dense in R'^ and using again by the positivity of L and m we obtain 

/ gdg = sup / ggdg= sup L{gg) < L{g). 

J ri^Uq J rj^Uq 

Therefore, L{g) = f gdg. 

Thus we have proved the equality in ([9]) for elements of the form g = ^ ■ 

Setting p = 0, m holds for all elements where q £ V, and hence for ^ by 
linearity. Since A is spanned by its squares, the equality (O holds for all f £ A. □ 

Lemma 14. Let {gi)i^j be a net of positive regular Borel measures on R"^ which 
eonverges vaguely to a positive regular Borel measure p on R'^. Let L is a linear 
functional on A such that L[f) = J f dpi for i £ I and f £ A. Then L[f) = f fdp 
for f £A. 

Proof. Let f £ E, f > 0 and f = ^, where q £7). Let Uq be as in the preceding 
proof. For g £h{q we have fg £ C'c(R'^) and hence lim^ J fgdpi = f fgdp. Then 

(12) f dp = sup / fg dp = sup lim / fgdpi < lim / fdpi = L{f), 

J r]GUq J ri^Uq J * J 

that is, / G L^{p). Since E is spanned by its squares, E C L^{X\p). 

Now we use notation and facts from this proof of Lemma [T!?l and take an element 
g = as thererin Setting h = (||x|p + l)(? + ( 7 ^, inequality (fTUl) means that 

g <gVe + sh. 
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Using this inequality and (I12L first with f = g and then with f = h, we derive 


L{g)- J gdn =L{g)- J gdg, = J gdg,-J gdg 

= Jig- 9Ve) dg-r -Jig- gge) dg + J gge dg^ - J gge dg 

< e ( hdgi+ hdg ] + gVs dgi - / ggs dg 


< e{L{h) + Lih)) + J grj^ dgi - J gr]e dg. 


Since gg^ G C'c(]Il'^), linii f gg^ dgi = f gg^ dg by the vague convergence. Therefore, 
taking lirui in the preceding inequality yields \L{g) — f gdgj < 2eL{h). Hence 
L{g) = f g dg hy letting e —>• +0. Arguing as in the proof of Lemma [13] this implies 
that L{f) = J f dg for all f € A. □ 


Proof of Proposition^^ Set E := B + (70(11). Let (A, >) be the real ordered 
vector space defined above, see ([5]). Let f £ B. By Lemma ITTl we have / > 0 if 
and only if / G Hence L{f) > 0. Since R[y] C S, A is a cofinal subspace of 

the ordered vector space (A, >). Therefore, L can be extended to a positive linear 
functional L on (A, >). Applying Lemma [T51 with d = 1 and A replaced by S, to 
the functional L yields (|S|). 

Suppose in addition that £ is finitely generated. Let qi,... ,qr be generators of 
£. Then the algebra B is generated by y, qf^,..., q~^, so B is finitely generated. 
Further, Zs = njZ{qj), so the set Zg is finite, li q £ £, then q~^ £ A and hence 
L{q~^) = f q~‘^dg < oo. Therefore, g{Z{q)) = 0, so that g{Zg) = 0. Hence, by 
Lemma [121 the integral in dSj) is over the set A = IEl\.Z£ and ^ is a positive regular 
Borel measure on A. Thus, has property (MP). □ 

Remarks. 1. It is possible that there is no nontrivial positive linear functional 
on the algebra B in Proposition [5] for instance, this happens if Zg = R. 

2. Let fi be a real unital algebra of rational functions in one variable and consider 
the following conditions: 

(i) All positive linear functionals on B can be represented as integrals with respect 
to some positive regular Borel measure on R (or on the character set B), 

(ii) f £ B and xif) -7 0 for all y G S implies that f £J2 

It seems to be of interest to characterize those algebras B for which (i) or (ii) 
holds. By Proposition [Hi and Lemma ITT] the algebra f“^R[y] satisfies (i) and (ii). 
Since B := R[p^, is isomorphic to the polynomial algebra R[a;i, 3 : 2 ], (i) does 
not hold for B. For B := R[3:, pqp] condition (i) is true, while (ii) is not fulfilled. 

3. Another important open problem is the following: Characterize the finitely 

generated real unital algebras A for which ii^s (MP). 

Proof of Theorem [^ First we note that the algebra A is finitely generated, 
because V is finitely generated by assumption. Let us fix A G h(/C(T)) and abbre¬ 
viate B\ := f;C^R[j/] Z>Cx. Then, by Corollary [TU] (MP) in the algebra 

B\. Therefore, Corollary [6] applies and shows that T satisfies (MP) in A. The 
description of A was given in Lemma 1121 □ 

Proof of Theorem 0 Let / denote the net of all finitely generated multiplicative 
subsets V of R(j[t] such that T) QVq. Fix V £ I. Since V satisfies the assumptions 
(i) and (ii), Theorem [7| applies to T> and LqIA-d- Hence there exists a regular 
positive Borel measure g-o on R'^ such that Lo(/) = / f dgv for / G At>. Since 
/ Idg-D = /r_F(R'^) = Lo(l) for all G /, it follows that the set {g-p^V £ 1} 
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is relatively vaguely compact. Hence there is a subnet of the net {fj.x>)vei which 
converges vaguely to some regular positive Borel measure fj, on For notational 
simplicity let us assume that the net itself has this property. Now we 

fix T G I and apply Lemma [M] to the net the algebra and the 

functional L = Lo\Aj= to conclude that Lo(/) = J f dfi for f G Aj^. Since each 
function f G Ao is contained in some algebra Aj= with S /, dH) is satisfied. This 
completes the proof. □ 

The general fibre Theorem [3] fits nicely to the multidimensional rational moment 
problem, because in general the corresponding algebra A contains more bounded 
functions on the semi-algebraic set /C(T) than in the polynomial case. 

We illustrate the use of our Theorems [7] and [5] by some examples. 

Example 15. First let d = 2. Suppose that T) eontains xi — a and the semi- 
algebraic set K.{T) is a subset of {(xi,X 2 ) ■ \xi —a\ > c} for some a € H and c > 0. 
Then hi := (xi — a)~^ is in A and bounded on 1C{T), so assumption (i) holds. Let 
X G hilJCiff)). Then xi = X~^ a in .4a , so ^Ia consists of rational functions 
in X 2 with denominators from some set £\ G D(]R[a: 2 ]). Hence assumption (ii) is 
satisfied with C\ = G. Thus Theorem^ applies if T> is finitely generated. Replaeing 
V by 'Dq and F by To in the preeeding, the assertion of Theorem\^ holds as well. 

The above setup extends at onee to arbitrary d € IN, d > 2, */ we assume that 
Xj—Oij G V and \xj—aj\ > c on ICfT) for some aj € R, c > 0, and j =,..., d — 1. 

Example 16. Again we take d = 2. Let £ G D(R[a; 2 ]) and let p be a noneonstant 
polynomial from Suppose that F is generated by £ and p^ a for some 

a > 0. Obviously, hi = (p^ a)~^ G A is bounded on eaeh semi-algebraic set 

/C(T). Let X G di(/C(T)). Then we have p{xi)'^ = -\- a in the fibre algebra A\. 

Let C be the quotient algebra o/R[xi] by the ideal generated by p(xi)^ — — a. 

Then A\ is generated by two subalgebras which are isomorphie to C and £’“^R[x 2 ], 
respectively. Hence assumptions (i) and (ii) are fulfilled, so (MP) by 

Theorem ^ if V is finitely generated. In the general ease Theorem 0 applies. 

In the following two examples we suppose that the sets V are finitely generated. 

Example 17. Suppose that F G D(R[x]) contains the polynomials qj = 1 -\- x^ for 
j — 1,... ,d. Let F = '^{At>)'^ ■ Then IC{F) = Av = R'^ by Lemma [JR Setting 
hj = qj(x)~^, hd+j = Xjqj(x)~^ for j = 1,... ,d, all hi G At> are bounded on K{F). 

Let X G h(/C(F)). Then Xj = qj{X)~^ F 0 ^d+j = Xjqj{X)~"^; henee we have 
Xj = Xd+jXj^ for j = 1,... ,d in the fibre algebra (.4-d)a. Thus, {At>)\ = R. Taking 
£\ = {1}, we have £’^^R[x] = R[x], so (i) and (ii) are obviously satisfied. 

Therefore, ’^(At))'^ obeys (MP) by Theorem^ That is, each positive linear 
functional on the algebra A-d is given by some positive measure on A-v = R^^. 

The same conclusion and almost the same reasoning are valid if we assume 
instead that F contains the polynomial q = 1 -\- x\ x^. In this case we set 

hj = Xjq{x)~^ for j = 1,..., d and hd+i = q{x)~^. 

Example 18. Suppose now that F G D(R[x]) contains only the polynomials qj = 
1 -I- x^ for j = 1,..., d — 1. Let F = '^{At>Y. Then hj := qj{x)~^ and hd-i-j-i ■= 
Xjqj{x)~^ for j = 1,... ,d — 1 are in At> and bounded on /C(T) = Av- Arguing as 
in Example \E it follows that Xj = Xdj-j-iXj ^ for j = 1,..., d — 1 in the algebra 
{At>)\. Therefore {At>)\ is an algebra £f("^^[xd\ of rational functions in the variable 
Xd for some finitely generated set £x G D(R[xd]). 

Then, again by Theorem^ satisfies (MP). The same is true if we 

assume instead that the polynomial q = \ A x\ A ■ • ■ x^_j^ is in F G D(R[x]). 
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Remark. Assumption (ii) is needed to ensure that the fibre preorderings T\ 
satisfy (MP). The crucial result for this is Proposition [5] which states that the 
cone X) obeys (MP) for finitely generated £ G D(lR,[j/]). A similar 

assertion holds for several other algebras of rational functions as well; a sample is 
lR,[a;i,a; 2 , J . Replacing by such an algebra the fibre theorem will lead 

to further results on the multidimensional rational moment problem. 


4. An EXTENSION THEOREM 


In this section we derive a theorem which characterizes moment functional on 
IR"^ in terms of extensions. 

Throughout let A denote the real algebra of functions on := R'^\{0} 

generated by the polynomial algebra R^ [x] and the functions 

(13) fkiix) := XkXiixl-\ -l-a:^)“\ where kJ = l,...,d,xGR‘^\{0}. 

Clearly, these functions satisfy the identity 

d 

(14) = 

k,l^l 

That is, the functions fki, k,l = 1,... ,d, generate the coordinate algebra 

of the unit sphere S‘^~^ in R'^. The next lemma describes the character set A of A. 

Lemma 19. The set A is parameterized by the disjoint union o/R‘^\{0} and S‘^~^. 
For X G R‘^\{0} the character Xx is the evaluation of functions at x and for 
t G the character x* xcts by X^ixj) = 0 and X*ifki) = fkiit), where j,kJ = 

l,...,d. 

Proof. It is obvious that for any x G R‘^\{0} the point evaluation Xx at a; is a 
character on the algebra A satisfying (x(xi),..., xixd)) ^ 0. 

Conversely, let y be a character of A such that x := {x{xi)t ■ ■ ,x{xd)) fy 0. 
Then the identity (xf + ■ • ■ + x'^)fki = XkXi implies that 

ixixif + • • • + xixdf)xifki) = xixk)xixi) 

and therefore 

Xifki) = ixixi)'^ + • • • + xixd)‘^)~^x{xk)xixi) = fkiix). 

Thus X acts on the generators xj and fki, hence on the whole algebra A, by point 
evaluation at x, that is, we have X = Xx- 

Next let us note that the quotient of A by the ideal generated by Rd)^] is 
(isomorphic to) the algebra C{S‘^~^). Therefore, if y is a character of A such that 
{x{xi ),... ,x{xd)) = 0, then it gives a character on the algebra C{S‘^~^). Clearly, 
each character of comes from a point of Conversely, each point 

t G S‘^~^ defines a unique character of A by x^ifki) = fkiif) and X*{xj) = 0 for all 
kJA- □ 


Theorem 20. The preordering ^A^ of the algebra A satisfies (MP), that is, for 
each positive linear functional C on A there exist positive Borel measures vq on 
S‘^~^ and Pi G A4(R‘^\{0}) such that for all polynomials g we have 


^ 9 {x,fii{x),.. .,fdd{x))) 
(15) 


/S'i- 


g{0, fii{t),..., fddit)) dvoft) 


/IR‘i\{0} 


g{x, fn{x),..., fdd{x)) diziix). 
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Proof. It suffices to prove that has (MP). The assertions follow then from 

the definition of the property (MP) and the explicit form of the character set given 
in Lemma [191 

From the description of A it is obvious that the functions fki, k,l = 1,..., d, are 
bounded on A, so we can take them as functions hj in Theorem |3) Let us fix a 
non-empty fire for A = (Afc/), where Aki G R for all k,l, and consider the quotient 
algebra A/P}, of A by the fibre ideal Xx- 

In the algebra A/Xx we have xifki) = Afc/ for y G .4 and all k, 1. Let y = Xx, 
where x G 1R,‘'\{0}. Then Xx{fki) = fki{,x) = Xm- Since 1 = fkk{x) = Yk ^kk, 

there is a /c such that Xkk ^ 0. From the equality Xkk = fkk{x) = xl{xl-\ - \-x‘^)~^ 

it follows that Xk A 0- Thus ^ = —, so that 

^ ' Afcfc fkk{x) Xk ’ 

(16) Xi = XkiX//lxk for / = l...,d. 

If X = X* for f G then y(a;/) = xi.Xk) = 0, so (ITT)1) holds trivially. That is, in 
the quotient algebra A/Xx we have the relations (fTHl) and fki = Xki- This implies 
that A/Xx is an algebra of polynomials in the single variable Xk- Hence it follows 
from Hamburger’s theorem that the preordering satisfies (MP) in A/Xx- 

Therefore, by Theorem |31(iii)^-(i), T =Y^ obeys (MP) in A. □ 

The main result of this section is the following extension theorem. 

Theorem 21. A linear functional L on Rd[2l] is a moment functional if and only 
if it has an extension to a positive linear functional C on the larger algebra A. 

Proof. Assume first that L has an extension to a positive linear functional C on A. 
By Theorem 1201 the functional T on A is of the form described by equation ((TS|) . 
We define a positive Borel measure n on R^^ by 

m({0}) = KM\{0}) = MM\{0}). 

Let p G Rdlx]. Setting g{x, 0,..., 0) = p{x) in the equation of Theorem [2(11 we get 

L{p) = C{p) = iyo(,{0})pi0) + [ g{x,0,...,0) di^i{x) = [ p{x)dp.{x). 

dRrf\{0} JRd 

Thus L is moment functional on Rdl/r] with representing measure p,. 

Conversely, suppose that L is a moment functional on Rdl^] and let /i be a 
representing measure. Since fki{t,0,... ,0) = SkiSn for f G R,t 0, we have 
limt^o fki{t, 0,..., 0) = SkiSii. Hence there is a well-defined character on the alge¬ 
bra A given by 

x(/) = lm/(C0,... ,0), f€A, 
and x{p) = p(0) for p G R[ 2 ]. Then, for / G Rdlic], we have 


(17) Hf) = lk{{0})x{f) + [ fix)dfi{x). 

For f G A we define C{f) by the right-hand side of (fT71) . Then £ is a positive 
linear functional on A which extends L. □ 

Remarks. 1. The problem of characterizing moment sequences in terms of ex¬ 
tensions have been studied in several papers such as [12], [9], and |4]. 

2. Another type of extension theorems has been derived in |9|. The main differ¬ 
ence to the above theorem is that in |5], see e.g. Theorem 2.5, a function 

h{x) :={l + xl^ - yxlA- Pi{xf H-h pk{xf)~^ 

is added to the algebra, where pi,... ,pk G Rc/[^] are fixed. Then h{x) is bounded 
on the character set and so are Xjh and XjXkh for j,k = 1,..., d. The existence 
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assertions of the results in follow also from Theorem [31 Note that in this case 
the representing measure for the extended functional is unique (see jH Theorem 
2.5]). 

2. The measure vi in Theorem [20] and the representing measure /r for the func¬ 
tional C in Theorem |3T] are not uniquely determined by C. (A counter-example can 
be easily constructed by taking an appropriate measure supported by a coordinate 
axis.) Let /Xrad denote the measure on [0, -l-oo) obtained by transporting fj, by the 
mapping x —)• ||a;|p. Then, as shown in [SI p. 2964, Nr 2.], if /Trad is determinate on 
[0,-boo), then ^ is is uniquely determined by C. Thus, Theorem 1211 fits nicely to 
the determinacy results via disintegration of measures developed in [51 Section 8]. 


5. Application to the complex moment problem 


Given a complex 2-sequence s = (sm,r!,)(m.n)eiNg tti® complex moment problem 
asks when does there exist a positive Borel measure /r on C such that the function 
on C is ^-integrable and 

(18) Smn = [ z™‘z"’d^{z) for all (m,n) sINq. 

Jc 

The semigroup *-algebra C[]Ng] of the *-semigroup Mq with involution {m,n) := 
(n, m), (m, n) G INg, is the *-algebra C[z,z] with involution given by z* = z. If L 
denotes the linear functional on Clz,^] defined by 

L{z'^Z^)=Sm,n, (TO,n)GlNQ 

then (fTSll means that 


Ls{p)= / p(z,z)dn{z), p€C[z,z]. 

Jc 

Clearly, INg is a subsemigroup of the larger ^-semigroup 

7V+ = {{m,n) G 1? : m + n > 0} with involution {m,n)* = {n,m). 

The following fundamental theorem was proved by J. Stochel and F.H. Szafraniec 

[Si- 


Theorem 22. A linear functional L on C[z,z] is a moment functional if and only 
if L has an extension to a positive linear functional C on the *-algebra C[jV)-]. 


In |12] this theorem was stated in terms of semigroups: 

A complex sequence s = (sm,n)(m,n)eiNg « moment sequence on INq if and 
only if there exists a positive semidefinite sequence s = ism,n)(m.,n)GAf+ on the 
^-semigroup A/+ such that Sm,n = Sm,n for all (m,n) G INq. 

In order to prove Theorem E3] we first describe the semigroup *-algebra C[A/+]. 
Clearly, C[7V+] is the complex *-algebra generated by the functions on C\{0}, 
where m, n G Z and m + n > 0. If r(z) denotes the modulus and u{z) the phase of 
z, then = r(z)'"+"u(z)’"“". Setting k = m + n, it follows that 

CiA/V] = Lin {r(z)'=u(z)2'"-'=; fc G INq, m G Z} . 


The functions r(z) und ■u(z) itself are not in C[A/+], but r{z)u{z) = z and v(z) := 
u{z)'^ = zz~^ are in C[A+] and they generate the *-algebra C[A/+]. Writing z = 
xi -b \x 2 with xi,X 2 G R, we get 


1 -b v{z) = 1 -b 


Xi -b \X2 
Xi — \X2 


^ xl -b ia;ia;2 

^ 2 I 2 ’ 

Xl -b X2 


1 — v{z) = 2 


X2 — i X1X2 
x\ -b x\ 





14 


KONRAD SCHMUDGEN 


This implies that the complex algebra C[A/+] is generated by the five functions 
(19) 


Xi, X2, 


X 1 X 2 


xi + xi 


■ xi 


Obviously, the hermitian part C[A/+]/i of the complex =i=-algebra C[A/+] is just the 
real algebra generated by the functions m- This real algebra is the special case 
d = 2 of the ^-algebra A treated in Section HI Therefore, if we identify C with R^, 
the assertion of Theorem [22l follows at once from Theorem [2] 


6. Application to the two-sided complex moment problem 


The two-sided complex moment problem is the moment problem for the *- 
semigroup with involution (m, n) := (n, m). Given a sequence s = (sm,n)(m,n)GZ 2 
it asks when does there exist a positive Borel measure /r on := C\{0} such that 
the function on is ^-integrable and 

Smn = [ z'"z"d/r(z) for all (m,n)&1?. 

dcx 

Note that this requires conditions for the measure /r at infinity and at zero. 

The following basic result was obtained by T.M. Bisgaard [5]. 

Theorem 23. A linear functional L on C[Z^] is a moment functional if and only 
if L is a positive functional, that is, L{f*f) > 0 for all f € C[Z^]. 


In terms of *-semigroups the main assertion of this theorem says that each pos¬ 
itive semidefinite sequence on 1? is a moment sequence on 1?. This result is 
somewhat surprising, since has dimension 2 and no additional condition (such 
as strong positivity or some appropriate extension) is required. 

First we reformulate the semigroup =i=-algebra C[Z^]. Clearly, C[Z^] is generated 
by the functions z, z, z“^, z on the complex plane, that is, C[!Z^] is the ^-algebra 
C[z, z, z“^, z“^] of complex Laurent polynomials in z and z. A vector space basis 
of this algebra is {z^z*; A:, Z G Z}. Writing z = cci -I- \X 2 with xi,X 2 G R we have 


Xi — \X2 


and 


Xi -\- \X2 


Xi 


Xi 


Hence C[Z^] is the complex unital *-algebra generated by the hermitian functions 

Xi X2 


( 20 ) 


xi, X2, yi ■■= 


xf -j- x\ 


2/2 := 


on R^\{0}. All four functions are unbounded on R^\{0} and we have 


( 21 ) 


(2/1 + i2/2)(a^i - 12:2) = 1 - 


Proof of Theorem 

As above we identify C and R^ in the obvious way. As discussed at the end of 
Section [21 the hermitian part of the complex *-algebra C[Z^] is a real algebra A. 
First we determine the character set A of A. Obviously, the point evaluation at 
each point x G R^\{0} defines uniquely a character Xx of A. From (1^ it follows 
at once that there is no character y on A for which x{xi) = x(x 2 ) = 0. Thus, 

-4 = {Xx;x G R^,a; 7 ^ 0}. 


The three functions 


7 / \ 1 / \ ^2 1 / \ r\ X\X 2 

hi{x) = xiyi = -j—2 , h 2 {x) = X 2 y 2 = 2 , ^2 > ^Ax) = ^x^ = o , ^2 

2 ~r ‘^2 1 *^2 1 *^2 

are elements of A and they are bounded on A = R^\{0}. The same reasoning as in 
the proof of Theorem [20] shows that the fibre algebra A/Xx for each nonempty fibre 
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is a polynomial algebra in a single variable. Therefore, by Hamburger’s theorem, the 
preordering satisfies (MP) in A/X\ and so does '^A? in A by Theorem 

[31(iii)— J‘(i). Since A = 1R,^\{0} = this gives the assertion. □ 

Remark. The algebra A generated by the four functions xi,X 2 ,yi,y 2 on is 
an interesting structure: The generators satisfy the relations 

Xiyi+X 2 y 2 = l and {x^ + xl){yl + yj) = 1 

and there is a *-automorphism $ of the real algebra A (and hence of the complex 
^-algebra C[Z^]) given by d)(a:j) = yj and ^{yj) = Xj, j = 1,2. 
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